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−u′′ = f 	 I = (a, b) ⊂ R
u(a) = u(b) = 0
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 

C(I) =     	 	
	  I
Ck(I) =     	 k  	
		
 	  I
C∞(I) = ⋂k Ck
Cc(I) =     	 	
	  I  
 

Ckc (I) = Ck(I) ∩ Cc(I)
Ckc (I) = C∞(I) ∩ Cc(I)
	
  Cc(R)    	 	





































!" (Ω,M, μ) 	   
# 
 $# Ω $ 	 "	 
 M $ 	 σ%  Ω# 
 $# 	   	"	  Ω  &	'
() ∅ ∈ M*




An ∈ M#  &	 An ∈ M   n
+ μ : M → [0,∞) $ 	 	 	 
,'
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μ(Ωn) < ∞#   n
+
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   E ∈ M 	 
 
  μ(E) = 0  
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
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  L1  










 fn(x) → f(x)   Ω
 !  
 g ∈ L1     n |fn(x)| ≤ g(x) 

 f ∈ L1  ‖fn − f‖1 = 0
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 x ∈ Ω 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   #  Cc(R
n) $ 
  L1(Rn)  $
.
 
∀f ∈ L1(Rn)   ∀ε > 0 ∃f1 ∈ Cc(Rn)    ‖f − f1‖1 ≤ ε
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 (Ω,M, μ)   
	
Ω = Ω1 × Ω2
  	   	 











|F (x, y)|dμ2 < ∞
 F ∈ L1(Ω1 × Ω2)
  
  	




F (x, y)dμ2 ∈ L1(Ω1)        y ∈ Ω2 F (x, y) ∈ L1(Ω1)  ∫
Ω1
F (x, y)dμ1 ∈ L1(Ω2)
  fi	
     	 Lp
fi  	 
 p ∈ R  1 < p < ∞  fi 
Lp(Ω) = {f : Ω → R : f !      |f |p ∈ L1(Ω)}







L∞ = {f : Ω → R : f !      ∃ C    |f(x)| ≤ C    Ω}

‖f‖L∞ = ‖f‖∞ = inf{C : |f(x)| ≤ C    Ω}
  #        ‖ · ‖p !       Lp  1 ≤ p ≤ ∞
  1 < p < ∞ 
  p′     p 	











 p = 1 
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  ap = bp
′





  a, b > 0 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 1 ≤ p ≤ ∞ 	 f, g ∈ L1  ∫
|fg| ≤ ‖f‖p‖g‖p′ .
	 
"  #    $ (p = 1, p′ = ∞)   # (1 < p < ∞)
  % & |g(x)| ≤ ‖g‖∞ & '
|f(x)g(x)| ≤ |f(x)|‖g‖∞





" ‖f‖p = 0  ‖g‖p′ = 0
)" 
























































   ∫ b
a
|f(x)||g(x)|dx ≤ ‖f‖p‖g‖p′ 	
  	 Lp    	 
	  ‖ · ‖p    	  		 p 1 ≤ p ≤ ∞
		 
  p = 1   p = ∞           	
  1 < p < ∞   f, g ∈ Lp  
|f(x) + g(x)|p ≤ (|f(x)|+ |g(x)|)p ≤ 2p(|f(x)|p + |g(x)|p)
        f + g ∈ Lp	           λf ∈ Lp   λ ∈ R
fi     Lp      	
    ‖ · ‖p   	             fi
            	
‖f + g‖pp =
∫
|f + g|p−1|f + g| ≤
∫
|f + g|p−1|f |+
∫
|f + g|p−1|g|,
 |f + g|p−1 ∈ Lp′          !"  # 
‖f + g‖pp ≤ ‖f + g‖p−1p (‖f‖p + ‖g‖p),
 
‖f + g‖p ≤ ‖f‖p + ‖g‖p.

fi   	      	 
	 		 		
   $%     & '() * Lp    	    		 1 ≤ p ≤ ∞
		          + ,   p = ∞    + -
1 ≤ p < ∞	
    (fn)   .   +/   L
∞	     k ≥ 1  0   1 
 Nk    ‖fm − fn‖∞ ≤ 1k  m,n ≥ Nk	
  0         EK   
|fm(x)− fn(x)| ≤ 1
k
, ∀x ∈ Ω− Ek,m, n ≥ Nk. $,	,*
2
 
 	 E = ∪kEk
   E   	 	   	    
 	 	 
 		  x ∈ Ω − E 	 	 (fn(x))   	 	 	 

fn(x) → f(x)
 		  x ∈ Ω− E 	      !  m → ∞ "
|f(x)− fn(x)| ≤ 1
k
, ∀x ∈ Ω− E, ∀n ≥ Nk.
#	 $  f ∈ L∞  ‖f − fn‖∞ ≤ 1k , ∀n ≥ nk
  	
 fn → f  L∞
    %	 (fn) 	 	   	  L
p &		  	 	fi	(  fi
	  	 "	   Lp
& )	 	 "	 (fnk) 	 
‖fnk+1 − fnk‖p ≤
1
2k
, ∀k ≥ 1.
&		   	  *	
 	 n1 	  ‖fm − fn‖p ≤ 12 ,m, n ≥ n1
 
	 n2 > n1 	  ‖fm − fn‖p ≤ 122 ,m, n ≥ n2  	 	
fi	  (fnk)   L
p  fi  fi	 	 	(  fk  +
 fnk 
   
‖fk+1 − fk‖ ≤ 1
2k








‖gn‖p ≤ 1, ∀n ∈ N.
  	  	 	  	 ,-	
 gn(x)  	  
 	
g(x)
   Ω  g ∈ Lp &  	
 		 m ≥ n ≥ 2 
|fm(x)− fn(x)| ≤ |fm(x)− fm−1(x)|+ . . .+ |fn+1(x)− fn(x)| ≤ g(x)− gn−1(x),
 		 	  x ∈ Ω




|f(x)− fn(x)| ≤ g(x)   Ω, 		 n ≥ 2  .!
 		
 f ∈ Lp /	  
  	 	 	 		 
‖fn − f‖p → 0
   |fn(x)− f(x)|p → 0   		 |fn − f |p ≤ gp ∈ L1
	
    (fn)  	
  L
p   f ∈ Lp   ‖fn − f‖p → 0 

  	
 (fnk)    
 h ∈ Lp  
0
 
  fnk(x) → f(x)   Ω
 |fnk(x)| ≤ h(x)	 ∀k   Ω  ∀k ∈ N

    	 
  p = ∞    1 ≤ p < ∞   (fn) 	
              

(fnk)    fk     fk      f
∗(x) 
f ∗ ∈ Lp  	   !  |f ∗(x)− fk(x)| ≤ g(x) ∀k   Ω  ∀k ∈ N  g ∈ Lp
" # $  
  fn → f  Lp   f = f ∗   	





   
 Lp
%& E  '   
(E ′)′ = E ′′
 ' 
  E fi     )
J : E → E ′′
 $ *   x ∈ E     Jx : E ′ → R 	  
Jx(f) = f(x), ∀f ∈ E ′
 fi 	
	
 Jx       E
′
 
|Jx(f)| = |f(x)| ≤ ‖f‖‖x‖ = ‖x‖‖f‖,
 & 
‖Jx‖ ≤ ‖x‖
 	  J 	    E 
  $ J(E)    # 
+,-   x ∈ E .   f0 ∈ E ′   ‖f0‖ = 1  f0(x) = ‖x‖ $
‖Jx‖ = sup
‖f‖=1
|Jx(f)| ≥ |Jx(f0)| = f0(x) = ‖x‖.
" 
‖Jx‖ = ‖x‖, ∀x ∈ E.
/  J 	 & % J  
	 
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  E  fl   
 J : E → E ′′ 
	 fi 
  	 
   Lp 
 fl	  1 < p < ∞    
      	   
 	

  E 
 fl  F ⊂ E  	 	




  E 
 fl  T : E → F    !  fl
 	

  E1, E2, ..., En fl   E1 × E2 × ...× En   fl
 	
		
 Lp  fl 
 1 < p < ∞
    	   3  








(‖f‖pp + ‖g‖pp), ∀f, g ∈ Lp #$%&
     
 fi  ∣∣∣∣a+ b2
∣∣∣∣p + ∣∣∣∣a− b2
∣∣∣∣p ≤ 12(|a|p + |b|p), ∀a, b ∈ R.
      
 	'
αp + βp ≤ (α2 + β2) p2 , ∀α, β ≥ 0 #$(&
)       β = 1  fi  	fi #$(&
	   
(x2 + 1)
p
2 − xp − 1
  [0,+∞) * α = ‖a+b
2




∣∣∣∣p + ∣∣∣∣a− b2
∣∣∣∣p ≤
(∣∣∣∣a+ b2
















  +    	   x → |x| p2    p ≥ 2
,
 
    Lp   		
	 	 	  	fl	  2 ≤ p < ∞
	 
 	 ε > 0 	 	 f, g ∈ Lp  ‖f‖p ≤ 1, ‖g‖p ≤ 1, ‖f − g‖ > ε 	 	 










∥∥ < 1 − δ  δ = 1 − [1− ( ε
2
)p] 1p > 0 

 Lp   		
	 	 	
 	 
		 	  	

 	!	  	fl		   	
"	 	 #$#%"		
$
    Lp   	fl	  1 < p ≤ 2
&	 1 < p < ∞ '		  	 T : Lp → (Lp′)′ 	fi  	!
	 ) &	
u ∈ Lp fi)  *+ f ∈ Lp′ → ∫ uf     	 
, 	 Lp 	  	fi
 			








uf, ∀f ∈ Lp′ .
-fi 	
‖Tu‖(Lp′ )′ = ‖u‖p, ∀u ∈ Lp
	 
 	 	!	 	 ./	 
	 	
|〈Tu, f〉| ≤ ‖u‖p‖f‖p′ , ∀f ∈ Lp′
	 

 ‖Tu‖(Lp′ )′ ≤ ‖u‖p  
  	fi
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  Lp    	* 	 1" - ! 	 1 < p ≤ 2 		 	
	  2 Lp
′





0  	fl	 34  	 5	 2
	 T (Lp)   	fl	 	 		
		
	 Lp   
0  	fl	
 	

























p−1 , ∀f, g ∈ Lp.
  	
   
   	   
 
 	 Lp 
	  	 1 < p ≤ 2
  	    
 1 < p < ∞  
 φ ∈ (Lp)∗  	 

	 




uf, ∀f ∈ Lp.
 	
‖u‖p′ = ‖φ‖(Lp)∗ .

    T : Lp
′ → (Lp)∗ fi  〈Tu, f〉 = ∫ uf, ∀u ∈ Lp′ 
∀f ∈ Lp  	 	         !  	
‖Tu‖(Lp)∗ = ‖u‖p′ , ∀u ∈ Lp′
"fi 	 T  #$ %  $ E = T (Lp
′
) % 	 E  	 	# &
 	fi  	 E    (Lp)
′
 '$ h ∈ (Lp)′′  〈h, Tu〉 = 0, ∀u ∈ Lp′ 
 Lp  fl  h ∈ Lp   ∫ uh = 0, ∀u ∈ Lp′   
& u = |h|p−2  	
h = 0

   
 
	  	 	!










  φ → u  
 		
 	
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   	 Tn : R→ R  fi 
Tnr =
{
r,  |r| ≤ n
nr
|r| ,   |r| > n
  	

 E ⊂ Ω fi
   
 		 	 XE 	
XE(x) =
{
1,   x ∈ E
0,   x ∈ Ω− E

 
  	    Cc(R)  	




 f ∈ Lp(R)  ε > 0   





  R   g = 0 
  K 
‖f − g‖p < ε.
 
  Xn  






  ‖fn − f‖p → 0   

 
  g = fn 
 n
 
 fi !  
 δ > 0  
 
 "#  
 g1 ∈ Cc(R) 

‖g − g1‖1 < δ.
 









‖g − g1‖p ≤ ‖g − g1‖
1
p
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	 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   

(En) 	  	 M    σ 	  (En) 
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   	 
"
  	 Rn 	   

 	 Ens # 
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  M   σ 	  
"
  	 Ω! 
 Ω    	
		 
   %
	 Ω   	 		  &
 Lp(Ω)    	
p! 1 ≤ p < ∞

 
 Ω = R ' R    

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 E 

 
%(   ( 
 
fi 
 XR  

  E  $
)fi
  E * 
  Lp(R)  
 
 f ∈ Lp(R)  ε > 0   f1 ∈ Cc(R)












   f2 ∈ E 	  ‖f1 − f2‖∞ < δ  f2   
  R 	 
 
   R    	  sup− inf  f1 
  δ 
		 	
‖f1 − f2‖p < ‖f1 − f2‖∞|R|
1
p < δ|R| 1p .
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      f   
	  

    
     
!  
  	   f ∈ L1(R)   g ∈ Lp(R)  1 ≤ p ≤ ∞	 
    x ∈ R
  y → f(x− y)g(y)    R  fi




  f 	 g ∈ Lp(R) 
‖f 	 g‖ ≤ ‖f‖1‖g‖p.
	 "     p = ∞ 
    

  
p = 1 
 F (x, y) = f(x− y)g(y) 
  	 y ∈ R 	∫
R
|F (x, y)|dx = |g(y)|
∫
R






|F (x, y)|dx = ‖g‖1‖f‖1 < ∞.
#$  %
  %  F ∈ L1(R × R) "  %












|F (x, y)|dx = ‖f‖1‖g‖1.
#  '  
	 




     1 < p < ∞ (  
  	 x fi!
x ∈ R    y → |f(x− y)||g(y)|p  	'
*  R  
|f(x− y)| 1p |g(y)| ∈ Lp(R).
+,
 
   |f(x− y)| 1p′ ∈ Lp′(R)  	
  	   
|f(x− f)||g(y)| = |f(x− y)| 1p′ |f(x− y)| 1p |g(y)| ∈ L1(R),
 ∫
R











|(f 	 g)(x)|p ≤ ‖f‖
p
p′
1 (|f | 	 |g|p)(x).

  	
	     p = 1 
  f 	 g ∈ Lp(R) 





‖f 	 g‖p ≤ ‖f‖1‖g‖p.
    
   f fi	
 fˇ(x) = f(−x)
	
	    f ∈ L1(R) g ∈ Lp(R)  h ∈ Lp′(R) 	
 	∫
R





   F (x, y) = f(x− y)g(y)h(x)   Lp(R× R)  ∫
|h(x)|dx
∫
|f(x− y)||g(y)|dy < ∞,
  
 !!"   	   
∫
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
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    





  f   
  ' suppf   (  & {x : f(x) = 0}
)      	
 





  	   f : R → R  	
    (wi)i∈I   




 f = 0
  W 
	
     	
	 I 	 
 	 	 fi   f = 0   W 
 		     	      	
(On)  	
	   R    	
	   R     	 





























! "  f = 0    On  n ∈ B 	   f = 0   W 
  
   f ∈ L1(R)  g ∈ Lp(R)  1 ≤ p ≤ ∞ 

supp(f 	 g) ⊂ suppf + suppg.
	
 # x ∈ R    	$ y → f(x− y)g(y)  	  % &&'
(






) x /∈ suppf + suppg 	 (x− suppf) ∩ suppg = ∅   (f 	 g)(x) = 0 *
(f 	 g)(x) = 0   (suppf + suppg)c.
 
(f 	 g)(x) = 0  int[(suppf + suppg)c],
 	
supp(f 	 g) ⊂ suppf + suppg.
     f  g    




	 f 	 g 	 	 
	 
 





  I ⊂ R 
   1 ≤ p ≤ ∞ 
   	 f : I → R 
	 
L1loc(I)  fXK ∈ Lp(I) 
      K  	  I
    f ∈ Lploc(I) 	
 f ∈ L1loc(I)
 	
	
  f ∈ Cc(R)  g ∈ L1loc(R) 	 (f 	 g)(x)   fi	 
  
x ∈ R    (f 	 g) ∈ C(R)
	
      x ∈ R  	
 y → f(x−y)g(y)  	  R  	
(f 	 g)(x)  fi	   x ∈ R  xn → x     		  fi
 R   (xn − suppf) ⊂ K, ∀n 	  f(xn − y) = 0, ∀n, ∀y /∈ K  ! 
		 	  f 
|f(xn − y)− f(x− y)| ≤ εnXK(y), ∀n, ∀y ∈ R
 εn → 0 "	# 






  f ∈ Ckc (R)(k ≥ 1)   g ∈ L1loc(R) 	 f 	 g ∈ Ck(R) 
Dα(f 	 g) = (Dαf) 	 g, ∀α.
 fi 	

  	  

 	 (ρn)n∈N   	   	! 	 R  












  	 (ρn) 
 	







  	  

 	  	    #	  	






x2−1  |x| < 1
0  |x| ≥ 1
$  	  







  	   f ∈ C(R)	 
 (ρn 	 f) → f      R	
	   K ⊂ R  		
 
 fi  ε > 0 
 δ > 0 		
 K   ε 
 
|f(x− y)− f(x)| < ε, ∀x ∈ K, ∀y ∈ (−δ, δ),

  
 x ∈ R




 n > 1
δ
 x ∈ K 

|(ρn 	 f)(x)− f(x)| ≤ ε
∫
ρn = ε.
  		   f ∈ Lp(R)  1 ≤ p < ∞	 
 (ρn 	 f) → f  Lp(R) 
n → ∞	
	  ε > 0 fi  	 f ∈ Cc(R) 
  ‖f − f1‖p < ε  
   (ρn	f1) → f1 		
   
  R    










+ suppf1 ⊂ (−1, 1) + suppf1,




‖(ρn 	 f1‖p → 0.
!	"	
‖(ρn 	 f)− f‖p ≤ 2‖f − f1‖p + ‖(ρn 	 f1)− f1‖p,
  
 # 	$ 
lim
n→∞





‖(ρn 	 f)− f‖p = 0

   I ⊂ R   	 
 C∞c (I)    Lp(I)  
1 ≤ p < ∞	
	  f ∈ Lp(I) 	
f˜ =
{
f(x),  x ∈ I
0,  x ∈ R− I ,
%
 
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	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     Kn = {x ∈ R 
  |x| ≤ n  dist(x, Ic) ≥ 2n}
 











  fn ∈ C∞c (I) 
   
   
‖fn − f‖Lp(I) = ‖fn − f˜‖Lp(I)
≤ ‖(ρn 	 gn)− (ρn 	 f˜)‖Lp(R) + ‖(ρn 	 f˜)− f˜‖Lp(R)
≤ ‖gn − f˜‖Lp(R) + ‖(ρn 	 f˜)− f˜‖Lp(R)







  ‖(ρn 	 f˜)−
f˜‖Lp(R) → 0  
  !!  
  ‖fn − f‖Lp(I) → 0
  	   I ⊂ R  		
 
   u ∈ L1loc(I) 
 ∫
uf = 0, ∀f ∈ C∞c (I).
	




 g ∈ L∞(R) 
 "#$ 
  suppg %  
    I fi




ugn = 0, ∀n ' ()
 gn → g  L1(R)  
  !!  
 *
 (gnk) 
  gnk → g 
 R +%    ‖gn‖L∞(R) ≤ ‖g‖L∞(R) 







ug = 0. ' ,)
	
 K ⊂ I  	 













|u| = 0  
		 u = 0   K 


















   !	  Lp(R)   " 

 Lp(R) #$
	   %
  &	'&( 	 
 	
 )
  C(K)  	


	  !	 
	 
 )   	
  












  C(K) 










  H  C(K)  


  	 *	'+"',)   F  

 
  Lp(Rn) 

1 ≤ p < ∞  
lim
h→0
‖τhf − f‖ = 0 




  F |Ω  Lp(Ω)  
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 f ∈ C([a, b]) 	 		   u  {
−u′′ + u = f  I = [a, b]
u(a) = u(b) = 0
$%&'
(    $%&'      C2  [a, b] 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fϕ, ∀ϕ ∈ C1([a, b]), ϕ(a) = ϕ(b) = 0. $%%'
+  $%%'     u ∈ C1([a, b]) #   fi 		  u, u′ ∈ L1(a, b)
  fi  u′ 	   	 	 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gϕ, ∀ϕ ∈ C1c (I)}.
&  H1(I) = W 1,2(I)   u ∈ W 1,p(I)  u′ = g
	   fi  ϕ    		  
   
  		 
     C∞c (I)   	   ϕ ∈ C1c (I) 	






















gϕ, ∀ϕ ∈ C1c (I).
	    u ∈ C1(I) ∩ Lp(I)   u′ ∈ Lp $ u′ 	  
 % 	
u ∈ W 1,p(I)   
     












u′ϕ, ∀ϕ ∈ C∞c (I).
"	
















 (uϕ)(b) = (uϕ)(a) = 0  ϕ 	 










	   I = (−1, 1) 		  

  u(x) = |x| 	  W 1,p(I) 	  1 ≤ p ≤ ∞  u′ = g 
g(x) =
{
1  0 < x < 1
−1  − 1 < x < 0 .
 	 
	     I¯   C1 	 	  I 	  W 1,p(I) 	
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   	  
 	 	 ∫ 1
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	 u = |x| 	  W 1,p(I)  g   	     
    W 1,p 	
   
‖u‖1,p = ‖u‖p + ‖u′‖p,

   1 < p < ∞    	

‖u‖1,p = (‖u‖pp + ‖u′‖pp)
1
p .
  H1 	
   
 




    










    W 1,p(I)  	
     1 ≤ p ≤ ∞  fl 
1 < p < ∞     1 ≤ p < ∞ 
 	 H1  	




















  fl 


1 < p < ∞   fi 	
	   	











 Lp  	 
‖un − um‖W 1,p = ‖un − um‖p + ‖u′n − u′m‖p → 0.






u′nϕ, ∀ϕ ∈ C1c (I)
 





gϕ, ∀ ∈ C1c (I).
&




‖un − u‖W 1,p = ‖un − u‖p + ‖u′n − u‖p → 0
( &

 1 < p < ∞ 	
)	 
 *
   Lp  fl   +
 , 	 
E = Lp(I)× Lp(I)  fl  fi
  

T : W 1,p → E
u → (u, u′)
#	  E  
 
   	
‖Tu‖Lp×Lp = ‖u‖p + ‖u′‖p = ‖u‖W 1,p
-
 .  W 1,p  

  T  	




  E 
		  +
 (  #
0  T (W 1,p)  fl   +
  
#
0  W 1,p  fl
 #	  
 
 fi 	






   +
   #
0  	  T (W 1,p) ⊂ E  	
 
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  	 		   		   

  (un)   
  W
1,p  
 un → u  Lp  (u′n) 	 	   
Lp  u ∈ W 1,p  ‖un − u‖1,p → 0   
 1 < p ≤ ∞  fi 
 un → u 
Lp  ‖u′n‖p   	 	 
 u ∈ W 1,p









u′(t)dt, ∀x, y ∈ I.
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 

   u ∈ W 1,p    v  
 u = v 
  I 	  W 1,p #
$	 fi	 
   u ∈ W 1,p % ! 		 &  I¯  
 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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&  I¯ 
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)	 
 +u 	
 		 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	   

   f ∈ L1loc(I)   
∫
I
fϕ′ = 0, ∀ ϕ ∈ C1c (I) 
,    c  
 f = c 
  I
	  




ψ = 1 
	
 
 w ∈ Cc(I)  
 








  h = ϕ′  
    	  




































 h  "
  	#
   	  

























w = 0, ∀w ∈ Cc(I).
 	
     f−∫
I




     g ∈ L1loc(I)  y0 fi	




g(t)dt, x ∈ I,
























































  ∫ t
a
ϕ′(x)dx = ϕ(t)− ϕ(a) = ϕ(t),  ϕ ∈ C1c (I).
  	


























  u′ ∈ Lp(I)  u′ ∈ L1loc(I)	 





u′ϕ, ∀ϕ ∈ C1c (I).





u′ϕ, ∀ϕ ∈ C1c (I),
 ∫
I
(u− u¯)ϕ′ = 0, ∀ϕ ∈ C1c (I).
  	 
u− u¯ = c 			  I. 	

u˜(x) = u¯(x) + c,
 u¯     u˜ ∈ C(I)  u˜ = u 			  I   	  fi!"  u˜ 













      	
   
 v    g ∈ Lp 
  W 1,p
		   v ∈ Lp 	 I  

 	
        	 u ∈ W 1,p  	 u′ ∈ C(I¯) 	





  I¯ 
 u ∈ C1(I¯) 	 	fi
 u˜ ∈ C1(I¯)

  ! u ∈ Lp  1 < p < ∞ 	 	
	 	 	 
	








∣∣∣∣ ≤ C‖ϕ‖Lp′ (I), ∀ϕ ∈ C1c (I).
# 		 	 
	  C = ‖u′‖Lp
$	































∣∣∣∣ = C‖ϕ‖p′ , ∀ϕ ∈ C1c (I).
⇒ 	  		 	
G : C1c → R




 		  fi	    	  Lp p′ < ∞  G  		  
 	  Lp
′
     ε > 0  δ = ε
c
> 0 	 c = ‖u‖p 	  !















≤ c‖ϕ′ − ψ′‖p′ < ε.
"	  	#














gϕ, ∀ϕ ∈ C1c
  u ∈ W 1,p
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,	- 	 		  ,	-  .    
p = 1  	
 ⇒ 
	  	    
    

	 I 	  	   u   	 p = 1     




∀ε > 0, ∃δ > 0  $ 
  $% fi   '
(ak, bk) ⊂ I  $
∑ |bk − ak| < δ, 	 ∑ |u(bk)− u(ak)| < ε.
/
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   p = 1 
 
 
   
 




















   
 
{
∃c  ! ∑k−1i=0 |u(ti+1)− u(ti)| ≤ c,
∀t0 ≤ t1 ≤ ... ≤ tk  I
   	
  	       







|u(x)− u(y)| ≤ c|x− y|, ! x, y  I.
$









 u′ ∈ L∞(I) 
|u(x)− u(y)| ≤ ‖u′‖∞|x− y|,  x, y   I.
  ! ϕ ∈ C1c (I) " h ∈ R  |h| fi  ∫
I




$ % &   h   ϕ     I' (& 
















   h → 0 ∣∣∣∣∫
I
u(x)ϕ′(x)dx
∣∣∣∣ ≤ c‖ϕ‖1, ∀ ∈ C1c (I).
+      u ∈ W 1,∞(I)
,
 







 u ∈ W 1,p(R)
 
  
 c     h ∈ R




  c = ‖u′‖p

  ⇒    	
    
  x, h ∈ R




    
 t = x+ sh ⇒ dt = hds 
u(x+ h)− u(x) =
∫ 1
0




   
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
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   ∫
R









































‖uh − u‖p ≤ |h|‖u‖p.
#
 
 ⇒   ϕ ∈ C1c (R)	 
  h ∈ R ∫
R











































∣∣∣∣ ≤ c|h|‖ϕ‖p′ .
  |h|      h → o ∣∣∣∣∫
R
uϕ′
∣∣∣∣ ≤ c‖ϕ‖p′ .
 !  " 	 !!  u ∈ W 1,p(R)	
# $% ! !   fi!    '$% fi 
      ( !$%  '  )	 
   * !
 + (  '$, u ∈ W 1,p(I)   '$, u˜ ∈ W 1,p(R)	 -  
  	
  	  
    1 ≤ p ≤ ∞ 	
    





 Pu|I = u, ∀u ∈ W 1,p(I)
 ‖Pu‖Lp(R) ≤ c‖u‖Lp(I), ∀u ∈ W 1,p(I)
 ‖Pu‖W 1,p(R) ≤ c‖u‖W 1,p(I), ∀u ∈ W 1,p(I)
 c  	




   	  	  
 I = (0,∞)  
    
 fl
(Pu)(x) = u∗(x) =
{
u(x),  x ≥ 0
u(−x),  x < 0




















u′(x)  x ≥ 0
−u′(−x)  x < 0
 











| − u′(−x)|pdx =
∫ +∞
0











v(t)dt, ∀x ∈ R,
  $ 
 u∗ ∈ W 1,p(R) 
‖u∗‖W 1,p(R) = ‖u∗‖Lp(R) + ‖u∗′‖Lp(R) ≤ 2(‖u‖Lp(I) + ‖u′‖Lp(I)
≤ ‖u‖W 1,p(I).
#$ 	  	  I   %  &   $




1  x < 1
4






 f fi  (0, 1) 
f˜(x) =
{
f(x),  0 ≤ x ≤ 1
0,  x > 1
.




   u ∈ W 1,p(I) 	

ηu˜ ∈ W 1,p(0,+∞)  (ηu˜)′ = η′u˜+ ηu˜′.





















fi    fi	
       u ∈ W 1,p(I)

u = ηu+ (1− η)u.
 	
 ηu     
  (0,+∞)  ηu˜         
 fl 
    "  	
 v1 ∈ W 1,p(R)   ηu   
‖v1‖Lp(R) ≤ 2‖u‖Lp(I), ‖v1‖W 1,p(R) ≤ c‖u‖W 1,p(I)
 c   ‖η′‖∞      (1−η)u    
 (−∞, 1)  0  
        fl 
# $ "  
% 
   &'    "  	
 v2 ∈ W 1,p(R)    (1 − η)u 
$
‖v2‖Lp(R) ≤ 2‖v2‖Lp(I), ‖v2‖W 1,p(R) ≤ c‖v2‖W 1,p(I)
(
 fi Pu = v1 + v2  	
 $  	)   fi 
  
*   	) C1    	)  W 1,p +





   u ∈ W 1,p(I)  1 ≤ p < ∞ 	
   

(un) ∈ C∞c (R)   un|I → u  W 1,p(I)
  	  
  
 (un) ∈ C∞c (I)   un → u  W 1,p(I) 
  
    Lp 
   
 u ∈ Lp(I)   











  W 1,p(R) 	 
  
       ff
 

  ! 
    ρ ∈ L1(R)  v ∈ W 1,p(R)  1 ≤ p ≤ ∞ 	





 	" # ρ " 	
 	 $ 	

 %% # ρ 	 v ∈ Lp(R) $& ϕ ∈ C1c (R) 	 
 %%'  %( ∫
(ρ 	 v)ϕ′ =
∫
v(ρ˘ 	 ϕ′) =
∫
v(ρ˘ 	 ϕ)′ =
∫




ρ 	 v ∈ W 1,p  (ρ 	 v)′ = ρ 	 v′.
$ ρ   	
 	+ 	 ,

 %%+ 
-  #. (ρn)  Cc(R) 
# ρn → ρ  L1(R)  )* ! #
ρn 	 v ∈ W 1,p(R)  (ρn 	 v)′ = ρn 	 v′.
/ ρn 	 v → ρ 	 v  Lp(R)  ρn 	 v′ → ρ 	 v′  Lp(R) 	 
 %%+  
  &  
 0 #
ρ 	 v ∈ W 1,p(R)  (ρ 	 v)′ = ρ 	 v′.
 ff
12   ζ ∈ C∞c (R)  # 0 ≤ ζ ≤ 1 
ζ(x) =
{
1,  |x| < 1









,  n = 1, 2, 3...
 
     	
       f 
 Lp(R)






  (ρn)  fi   	
 un = ζn(ρn	u) 

 u ∈ W 1,p(R) !   ‖un − u‖p → 0
 
un − u = ζn(ρn 	 u)− u = ζn((ρn 	 u)− u) + (ζnu− u),
 
‖un − u‖p ≤ ‖ρn 	 u− u‖p + ‖ζnu− u‖p → 0.
    " #$ %
u′n = ζ
′
n(ρn 	 u) + ζn(ρn 	 u
′).
!
‖u′n − u‖p ≤ ‖ζ ′n(ρn 	 u)‖p + ‖ζn(ρn 	 u′)− u′‖p
≤ c
n
‖u‖p + ‖ρn 	 u′ − u′‖p + ‖ζnu′ − u′‖p → 0,
  c = ‖ζ ′‖∞
& '(   )   '        %
    	 
	 c   |I| ≤ ∞ 	 
 ‖u‖L∞(I) ≤ c‖u‖W 1,p(I), ∀u ∈ W 1,p(I), ∀1 ≤ p ≤ ∞
  	 			 W 1,p(I)   
	  L∞(I) 		  1 ≤ p ≤ ∞
	 		  I  	 
   W 1,p(I) ⊂ C(I)  
	
	 		  1 < p ≤ ∞
    W 1,1(I) ⊂ Lq(I)  
	
	 		  1 ≤ q < ∞
!	"    *+,  I = R   
      
#- . v ∈ C1c (R)  1 ≤ p < ∞  G(s) = |s|p−1s
  w = G(v) 
  C1c (R) 
w′ = G′(v)v′ = p|v|p−1v′.
$/
 






     	
	
|v(x)|p ≤ p‖v‖p−1p ‖v′‖p.
 		 	 
‖v‖∞ ≤ c‖v‖W 1,p , ∀v ∈ C1c (R), 
	 c   	     p  	    	
  !" u ∈ W 1,p(R) #	 $  % (un) ⊂ C1c (R)   un → u 
W 1,p(R) 	 &	 '  	  	  (un)   %  ()* 
L∞(R)   un → u  L∞(R)  	
	 +
 	 		  !" H  





∣∣∣∣ ≤ ‖u′‖p|x− y| 1p′ ≤ |x− y| 1p′ , ∀x, y ∈ I
! #	 	 &	   	.    H  /)	 		  C(I¯)
-	  01 !" H  
	 ,  W 1,1(I) !" P 	 		 $#	 	 &	  
	 F = P (H)  		  H = F|I  -		  H  /)	 		  Lq(I) 
		 1 ≤ q < ∞ 	 	 &	 2' ( F  	  W 1,p(R) 		 F
 
 	  Lq(R)     	 	  L1(R) 	  L∞(R) 3	
	 fi  )5 	 &	  6 .7).8				 	 
lim
h→0
‖τhf − f‖ = 0 /	  f ∈ F
- &	 2 	   f ∈ F 
‖τhf − f‖L1(R) ≤ |h|‖f ′‖L1(R) ≤ c|h|,
		 F   
	"	 	  W 1,1(R) &	
‖τhf − f‖qLq(R) ≤ (2‖f‖L∞(R))q−1‖τhf − f‖L1(R) < c|h|
 	





  c   f   	
  	  	 q = ∞
 	




	 		   

   

  (un)   
	   W
1,1(I)  

	 (unk)   unk(x) 	
   x ∈ I 
 I    1 < p ≤ ∞
    W 1,1(I)  	

    

	  		  


 (un)   
	   W
1,p(I) 	 1 < p ≤ ∞   
	 (unk) 
 u ∈ W 1,p(I)   unk → u  L∞(J)  	 	

 J   
 I
 	
   I  
  1 ≤ p ≤ ∞  1 ≤ q ≤ ∞    !" 
 #"$   %	
   

‖|u‖| = ‖u′‖p + ‖u‖q
 
  
  W 1,p(I)
 	
   I  
   u ∈ W 1,p(I) 
 u ∈ Lq(I)  
q ∈ [p,∞]   ∫
I
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 I   








      	 	 (un)  C1c (R) 
 	 un → u  W 1,p(I)
fi    	 ‖un−u‖L∞(I) → 0      ε > 0  
   n 	fi 





   
 

  u, v ∈ W 1,p(I) 	 1 ≤ p ≤ ∞ 

uv ∈ W 1,p(I)

(uv)′ = u′v + uv′. 
     %*  
  ∫ x
y
u′v = u(x)v(x)− u(y)v(y)−
∫ x
y





  u ∈ L∞ 	     uv ∈ Lp  
  (uv)′ ∈ Lp     1 ≤ p < ∞  (un)  (vn)  
C1c (R) 	  un|I → u  vn → v  W 1,p(I)  un|I → u  vn → v  L∞(I)  
	     unvn → uv  L∞(I)  
  Lp(I)   
(unvn)
′ = u′nvn + unv
′
n → u′v + uv′  Lp(I).
	  !
" #    (unvn) 	  uv ∈ W 1,p(I)
      p = ∞  u, v ∈ W 1,p(I)  uv ∈ L∞(I)  u′v + uv′ ∈ L∞(I)





(u′v + uv′)ϕ, ∀ϕ ∈ C1c (I).
   fi'  	 
 J ⊂ I 	  suppϕ ⊂ J   u, v ∈ W 1,p(J)  













  fi  ()* 
 (*
  	 (
  * 	 G ∈ C1c (R) 	  G(0) = 0  	 u ∈ W 1,p(I)
 1 ≤ p ≤ ∞ 
G ◦ u ∈ W 1,p(I)  (G ◦ u)′ = (G′ ◦ u)u′.
 	
  M = ‖u‖∞ + G(0) = 0 '   c 	  |G(s)| ≤ c|s|
  s ∈ [−M,+M ]  |G ◦ u| ≤ c|u|    G ◦ u ∈ Lp(I) 	
%  (G′ ◦ u)u′ ∈ Lp(I) $%  ∫
I
(G ◦ u)ϕ′ = −
∫
I
(G′ ◦ u)u′ϕ, ϕ ∈ C1c . (,*
  -     1 ≤ p < ∞ ." '   (un)  C1c (R)
	  un|I → u  W 1,p(I)  
  L∞(I)  (G ◦ un)|I → G ◦ u  L∞(I) 
(G′ ◦ un)u′n → (G′ ◦ u)u′  Lp(I)  	   /0 C1 
 (,*










    	
 m ≥ 2 
  
 1 ≤ p < ∞ 
fi    























gjϕ, ∀ϕ ∈ C∞c (I), ∀j = 1, 2, 3, ...,m,

 Djϕ 








 u u′ = g1, (u′)′ = g2, ..., 	 
 m   
	!  Du,D2u, ..., Dmu " 

Wm,p(I) 
! 	   







! 	   	  













  	fi    ‖‖Wm,p  	  
‖|u‖| = ‖u‖p + ‖Dmu‖p.
	 	     j 1 ≤ j ≤ m−1    ε > 0 	  
c   ε   |I| ≤ ∞  
‖Dju‖p ≤ ε‖Dm‖p + c‖u‖p, ∀u ∈ Wm,p(I).





   1 ≤ p < ∞ 
	
  W 1,p0 (I)  
# 











   W 1,p0  	  W
1,p(I)   	 	
	
   H10 (I)  
    H
1(I)     W 1,p0 




    I = R 	
 	 C1c (R)  	 	
 W 1,p(R) 	 		
  	

W 1,p0 (R) = W
1,p(R).
 	
   
 	 		 (ρn)   	fi 	
 C∞c (I)  	 	
 W 1,p0 (I)
  	 u ∈ W 1,p(I) ∩ Cc(I) 	! u ∈ W 1,p0 (I)
 ! 
 
  "	#  W 1,p0 (I)

   	" u ∈ W 1,p(I) #! u ∈ W 1,p0 (I) 	 	 
		 	 u = 0 	
 ∂I
$	
%! $ u ∈ W 1,p0 (I) 
  %	 (un)  C1c (I) 
  un → u  W 1,p(I)
 
	
 un → u 	"	
  I¯   	%	  u = 0  ∂I &	

' u ∈ W 1,p(I) 




0  |t| ≤ 1
t  |t| ≥ 2





G(nu)  * +, 
  un ∈ W 1,p(I)  	
suppun ⊂
{
x ∈ I 




- suppun   	'	
 
  I  
	  "
  u = 0  ∂I  u(x) → 0
	 |x| → ∞ x ∈ I  
	
 un ∈ W 1,p0 (I)    	 ) +.,  
fi	  "   un → u  W 1,p(I)  0  *	%	 1	  
	

u ∈ W 1,p0 (I)
 	
  & 		
 	 	'  	 	 		
	( 	 	% W 1,p0 (I)
 	%)	 		   ! 





	   	%)	  %)	 	
 W 1,p0 
,2
 




u(x),  x ∈ I
0,  x ∈ R− I,

 u ∈ W 1,p0 (I)   
  u¯ ∈ W 1,p0 (R)
  1 < p < ∞   u ∈ Lp(I) 
 u 
  W 1,p0 (I)   
   


 c   ∣∣∣∣∫
I
uϕ′
∣∣∣∣ ≤ c‖ϕ‖Lp′ (I), ∀ϕ ∈ C1c (R).
  	  
   







  |I| < ∞  
‖u‖W 1,p(I) ≤ c‖u′‖Lp(I), ∀u ∈ W 1,p0 (I)  

 	 u ∈ W 1,p0 (I) 
 I = (a, b)  u(a) = 0 





 ‖u‖L∞(I) ≤ ‖u′‖Lp(I)     	 		  




   
 H10 (I)  
    ‖u′‖L2(I)  
  
  H1(I)
    
 m ≥ 2    1 ≤ p < ∞   Wm,p0 (I)    
Cmc (I)  Wm,p(I)   






W 2,p0 (I) = {u ∈ Wm,p(I)   u = Du = 0  ∂I}

W 2,p(I) ∩W 1,p0 (I) = {u ∈ W 2,p(I)   u = 0  ∂I}
    	
 W 1,p0 (I)
 	  	 W 1,p0 (I) 
 1 ≤ p ≤ ∞  	  W−1,p((I)   	 	  H10 (I)




  fi L2     	
    	 fi  H10
    	 
  

H10 ⊂ L2 ⊂ H−1,
       
 I   	 	 
W 1,p0 ⊂ L2 ⊂ W−1,p
′
  1 ≤ p < ∞
    
 I   	 	  
W 1,p0 ⊂ L2 ⊂ W−1,p
′
  1 ≤ p ≤ 2
    
 	  W−1,p
′




    	
  	
   F ∈ W−1,p(I) 	








′, ∀u ∈ W 1,p0 (I)

‖F‖W−1,p(I) = max{‖f0‖Lp′ (I), ‖f1‖Lp′ (I)}.





 f0 = 0

	
     E = Lp(I)× Lp(I)    
‖h‖ = ‖h0‖Lp(I) + ‖h1‖Lp(I)  h = [h0, h1]
 fi  	 
T : W 1,p0 (I) → E
u → [u, u′]
    W 1,p0 (I)  E   ! G = T (W
1,p
0 (I))       E 
S = T−1 : G → W 1,p0 (I) " 	  h ∈ G → 〈F, Sh〉    	 	    G
#	 $  %&'( &
  )'	 *   	   Φ   E  
‖Φ‖E∗ = ‖F‖ #	 $  +  + ,  - .  
/0
 







f1h1, ∀h = [h0, h1] ∈ E.
 	
 
fi	  ‖Φ‖E∗ = max{‖f0‖Lp′ (I), ‖f1‖Lp′ (I)}     







′, ∀u ∈ W 1,p0 (I).
 I  

    W 1,p0 (I)   
 	   ‖u′‖Lp(I) 	  

 	
     f0  f1 	
 	
    
 F 
 	






   






′  C∞c (I)
 	









  W 1,p(I)  1 ≤ p < ∞ 
   
  













′, ∀u ∈ W 1,p,






       	
   	
	   	
	  
   	    	
 
	      
	  	   

 	 
  	  
	{
−u′′ + u = f 	 I = (0, 1)ef ∈ L2(I)
u(0) = u(1) = 0
 !"
fi	 
 	     !"  	  u ∈ C2(I)   !" 


























fv  	 H10 (I)  

  	  
     ! u ∈ H10 (I)  "











uv, ∀v ∈ H10 (I),  
   u   	
      	      	  




    f ∈ L2  u ∈ H10   	
     u ∈ H2        	





(f − u)v, ∀ v ∈ C1c (I).
     f − u ∈ L2   f − u = u′′  u′ ∈ H1    u ∈ H2
      f ∈ C(I¯)     	
     C2(I¯).   
   (u′)′ = f − u ∈ C(I¯)    	  
  !" u′ ∈ C1(I¯)  	   
  u ∈ C2(I¯)      	
     	 C2(I¯) #      
u   	
  	




(−u′′ + u− f)ϕ = 0, ∀ϕ ∈ C ′c(I).
#   	  %  	  &!  
−u′′ + u = f  I,
    u   	
  	    	   u ∈ C2(I¯)
 f ∈ Hk(I)	 
 k       	  
 fi




   ! fl!#       
  $	 
   
 	 
 %      	   '  (     
)  '	{
−u′′ + u = f  I = (0, 1)
u(0) = α, u(1) = β
 
  α, β ∈ R   f ∈ L2(I)
*+   
  u0 	  u0(0) = α  u0(1) = β %    	
  u˜ = u− u0
%%
 
   u  	
        u˜  	
{
−u˜′′ + u˜ = f + u′′0 − u0  I = (0, 1)
u˜(0) = 1 = u˜(1) = 0
.  
	    			  	  	      	 
 	 

 	    {
−(pu′)′ + ru′ + qu = f  I = (0, 1)
u(0) = u(1) = 0
 
 p ∈ C1(I¯) q ∈ C1(I¯) r ∈ C(I¯) f ∈ L2(I)    p(x) ≥ α ∀x ∈ Iq > 0   u !











fv, ∀ v ∈ H10 .












 		   #    
  ! 	! 	 $! %  
	 	  
	 R  		 	%  r
p
 & ζ = exp(−R) ' 		      ζ  
− ζpu′′ − ζp′u′ + ζru′ + ζqu = ζf,  
  ζ ′p+ ζr = 0 (  
−(ζpu′)′ = −ζpu′ζ(p′u′ + pu′′)
= −ζ ′pu′ − ζp′u′ − ζpu′′
= ζru′ − ζp′u′ − ζpu′′.
#       
− (ζpu′)′ + ζqu = ζf.  
)fi	  H10  
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   !{
−u′′ + u = f  I = (0, 1)
u′(0) = α, u′(1) = β
 

 α, β ∈ R  f  "
 
# u $  
	




















 u(0)  u(1)

 ϕ : H1(I) → R fi
 









     &
 u ∈ H1(I) 	 










uv, ∀ v ∈ h1(I),

 $ u $  
	
 "        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fv, ∀ v ∈ H1,
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(−u′′ + u′ − f)v + u′(1)v(1)− u′(0)v(0) = 0, ∀ v ∈ H1.  
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 −u′′ + u = f   
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 
u′(1)v(1)− u′(0)v(0) = 0, ∀ v ∈ H1.
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−u′′ + u = f  R,
u(x) → 0  |x| → ∞,  
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fv, ∀v ∈ H1(R).
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2 → 0 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fv, ∀v ∈ C1c (R).  
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−u′′ + u = f 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u(0) = α, u(1) = β.
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fv, ∀v ∈ H10 (I).  
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 G(t) = 0 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u(0)−K = α−K ≤ 0 
 u(1)−K = β −K ≤ 0.
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   u ≥ 0  ∂I   f ≥ 0  I  u ≥ 0  I
   u = 0  ∂I   f ∈ L∞(I) 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min{α, β, inf
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f} ≤ u(x), ∀x  I.
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 |f(x)| ≤ C  
u(x) ≤ max{α, β, sup
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